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Abstract
The status of the Gerasimov-Drell-Hearn sum rules for polarized inclusive
photo-production on nucleons is reviewed. It is shown that results from cur-
rently available data compare favorably with an estimate based on an extended
current algebra. Implications for integrals of spin-dependent structure functions
are also briefly discussed.
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The Gerasimov-Drell-Hearn (GDH) sum rule[1] has recently regained the attention
of both theorists and experimentalists. This renewed interest is partly due to the
construction of CEBAF. There now exist proposals for measurements which will check
both this sum rule and its generalization to non-zero values of Q2. On the theoretical
side there are connections[2] to the Bjorken sum rule and the EMC measurements[3].
As discrepancies exist in the predicted low-Q2 behavior, it will be useful to better
understand the physics at Q2 = 0.
The original GDH sum rule, which actually results from a superconvergence rela-
tion for the spin-flip amplitude in Compton scattering, states that
2pi2α
M2
(κp,n)
2 =
∞∫
ω0
[σ3/2(ω)− σ1/2(ω)]p,n
ω
dω, (1)
where, κp(κn) is the proton(neutron) anomalous magnetic moment, ω is the laboratory
photon energy, M is the nucleon mass, and α is the fine structure constant. The left-
hand-side represents the single nucleon contribution to the spin-flip amplitude, while
the right-hand-side involves an integration over the difference of helicity 3/2 and
helicity 1/2 γp total cross sections.
Karliner[4] examined Eq.(1) decomposed into isoscalar and isovector components.
The isovector sum rule was found to be well-satisfied. The isoscalar component, which
is predicted to be small, was found to be small but difficult to determine precisely.
The isovector-isoscalar sum rule provided the most unexpected result. Karliner’s
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estimate of the integral of cross sections was positive; the value from the anomalous
magnetic moments is negative. These conclusions have been reproduced in a more
recent study[5].
The problem with the isovector-isoscalar sum rule was also noticed by Fox and
Freedman in their extensive study of Compton scattering sum rules[6]. Earlier, Abar-
banel and Goldberger[7] had noted that the GDH sum rule would be modified if
there were a fixed pole at J = 1 in the angular momentum plane. Fox and Freedman
suggested that this discrepancy might be evidence for such a pole.
Such fixed poles can be attributed generally to non-trivial terms in the associated
current commutators[8, 9]. In this context, the superconvergence relation giving rise
to the GDH sum rule implies that electric charge densities commute with each other.
Within the standard model, electric charge densities are bilinear in fermion fields,
and a naive application of canonical anti-commutation relations substantiates this
conclusion.
However, a more careful study carried out recently shows that the commutator
actually does have additional terms[10]. Indeed, these terms have quantum numbers
that can give rise to modifications of the GDH sum rule. In this letter, we esti-
mate the contribution of these terms, and compare the result with that of the latest
phenomenological analysis[5].
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The crucial point of ref.[10] is that the vacuum expectation value of the triple
commutator of charge densities generated by quark fields cannot vanish, and is pro-
portional to the number of colors carried by these fields. Furthermore, its structure
implies that the charge density commutator [V a(x), V b(y)] must have a term sym-
metric in the a, b indices. This is in addition to the usual anti-symmetric term,
ifabcV c(x)δ3(x− y). Finally, the extra term must be of the form dabc[∇ × bcA(x)] ·
∇δ3(x− y) in order that the charge densities transform properly under global flavor
transformations. Here, bcA is an axial-vector operator whose precise form is dependent
upon specific dynamics.
The minimal (infinite dimensional) Lie algebra that reproduces the correct vacuum
expectation value of the triple commutators of the vector and axial-vector charge
densities is given by the following relations[10]:
[V a(x), V b(y)] = ifabcV c(x)δ3(x− y) + i
48pi2
dabc[∇× bcA(x)] · ∇δ3(x− y),
[V a(x), Ab(y)] = ifabcAc(x)δ3(x− y) + i
48pi2
dabc[∇× bcV (x)] · ∇δ3(x− y),
[Aa(x), Ab(y)] = ifabcV c(x)δ3(x− y) + i
48pi2
dabc[∇× bcA(x)] · ∇δ3(x− y),
[V a(x),bbV (y)] = if
abcbcV (x)δ
3(x− y) + 2iNcδab∇δ3(x− y),
[Aa(x),bbA(y)] = if
abcbcV (x)δ
3(x− y) + 2iNcδab∇δ3(x− y),
[Aa(x),bbV (y)] = if
abcbcA(x)δ
3(x− y),
[V a(x),bbA(y)] = if
abcbcA(x)δ
3(x− y). (2)
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The generators of the algebra are the charge densities, the b terms and a central
charge Nc, which is equal to the number of colors for the quarks. The number of
colors did not appear in the older current algebras. Note that despite the appearance
of an extension term in the charge density commutator, the electromagnetic current
is not anomalous as a gauge current[11].
However, upon application of standard techniques[9, 12], the extension term does
yield a modified form of the GDH sum rule:
2pi2α
M2
(κp,n)
2 + Sp,n =
∞∫
ω0
[σ3/2(ω)− σ1/2(ω)]p,n
ω
dω. (3)
Here the subscripts p, n label the proton and neutron sum rules. The additional
contribution, Sp,n, is due to the symmetric term. The discrepancy found in the
traditional sum rule, if it persists, is an indication that the term Sp,n does not vanish.
In the following, we describe a scenario in which an Sp,n term appears naturally with
a value that accounts for the apparent discrepancy in the sum rule.
We begin by observing that the operators bV,A defined by the charge density
commutators in Eq.(2) share the same quantum numbers as the conventional vector
and axial-vector currents. However, except in singular limits[10], they cannot be
directly proportional as operators to these currents. The Schwinger terms in the
commutators of the charge densities and the spatial current densities are infinite
in QCD, while the corresponding quantity in Eq.(2) takes on the finite value 2Nc.
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Nevertheless, certain classes of matrix elements of bV,A may well be proportional
to those of the currents. In the following, we will examine this possibility for the
class of single-particle matrix elements of this operator. Specifically, we will assume
that single-particle matrix elements of bA,V are well-approximated by contributions
from the nucleon, pi, a1 and ρ, and that their relative strengths among these states
are the same as the corresponding ones for the weak currents A and V. Such a
hypothesis is tantamount to supposing that one may realize the extended algebra by
local fields with these quantum numbers within a specific field-theoretic context. We
symbolically write the relevant matrix elements as bA = KAAL, bV = KVVL, where
the subscript L indicates that only the couplings to the low-lying states are included.
Within such a framework, the b operators are effectively decoupled from the high
energy states, and two point functions of the form < bAA > and < bV V > are finite,
consistent with Eq.(2). Assuming the validity of the KSRF relation[13], the spectral
sum rule from < bAA > equals 2f
2
piKA, half coming from the pion and the other half
from a1[14]. The spectral sum rule from < bV V >, in the same approximation, is
given by 2f 2piKV . Comparing the spectral sums with the Schwinger terms in Eq.(2),
we have, for Nc = 3,
KA = KV = 3/f
2
pi . (4)
We may compare this result with what can be expected within the context of an
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effective field theory for QCD at low energies, such as the non-linear sigma model[15,
16]. For simplicity, we restrict our attention to the minimal model involving only
pions, and consider the 2-flavor case[17] (for a discussion of the case with more than
two flavors, see [18]). Within this SU(2) framework there is no canonical isosinglet
current, and the associated electromagnetic current cannot describe properties of
the nucleon. As pointed out in[19], for purposes of studying these properties, one
should include a topological current which is to be identified as the isosinglet baryon
number current. The full electromagnetic current relevant for both the nucleon and
the pion is the sum of the canonical isotriplet current and this topological current.
Using canonical commutation relations, we can check that with this augmentation
the algebra of Eq.(2) is indeed reproduced. More specifically, the commutator of the
electromagnetic charge densities has an extension term that is purely isotriplet, and
takes the form bA = KA, where A is the exact isotriplet axial-vector current in the
model.
The precise value of K is dependent upon the dynamics relevant to the energy
scale under consideration; it is given in the minimal non-linear sigma model by KA =
24/f 2pi , which is much larger than the estimate quoted in Eq.(4). The difference is
primarily due to the absence of the a1 and ρ mesons in this model. The KSFR relation
assumed in our estimate above implies equal contributions of the pion and the a1 to
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the Schwinger term coefficient of the extension current density in Eq.(2). Through
the Weinberg sum rule, their sum gives the contribution of the ρ to the Schwinger
term coefficient. Since this coefficient in Eq.(2) is fixed to be the number of colors Nc,
the proportionality factor must be correspondingly larger to make up for the missing
contributions from the spin-1 mesons.
We will be using Eq.(4) in the subsequent analysis. The contributions Sp,n to the
extension term then have the values:
S(p,n) = α
(gA)(p,n)KA
18
(5)
(gA)(p,n) =
1√
3
G
(8)
A ±G(3)A (6)
when we substitute for the flavor SU(3) d-symbols. The superscripts denote the
directions in this flavor space, with G
(3)
A = 1.25 being the Gamow-Teller β-decay
constant. The value for G
(8)
A is not known directly at this time. However, if one
supposes flavor SU(3) symmetry, then by fitting measured hyperon decay rates, one
can roughly estimate that G
(8)
A = 0.65, based upon an F/D ratio of 0.63[20]. In
this work, we ignore the contribution from the singlet axial current, since the EMC
experiments[3] suggest that with the same F/D ratio, G
(0)
A ∼ 0.12,
We may eliminate all dependence on the poorly determined G
(8)
A by taking the
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difference of the proton and neutron GDH sum rules:
2pi2α
M2
[(κp)
2 − (κn)2] + S =
∞∫
ω0
[σ3/2(ω)− σ1/2(ω)]p − [σ3/2(ω)− σ1/2(ω)]n
ω
dω. (7)
This form is referred to as the isovector-isoscalar sum rule[4, 5]. The quantity S
denotes the difference Sp−Sn. The first term on the left-hand-side is actually negative;
with κp = 1.793, and κn = −1.913, it equals −28µb. The right-hand-side has been
estimated in Refs.[4, 5] to lie between 50µb and 70µb. This range, however, clearly
underestimates the uncertainty of this quantity, since no error has been assigned to
contributions coming from the γp → pipiN process. The integral has also been cut
off at 2 GeV in the laboratory photon energy. Nevertheless, one can see a definite
discrepancy in this component of the GDH sum rule.
The value of the extension term S obtained from Eqs.(4) and (5) is,
S =
αG
(3)
A
3F 2pi
. (8)
With α = 1/137, G
(3)
A = 1.25, and Fpi = 93MeV , we obtain S = 137µb. Therefore
the left-hand-side of Eq.(7) now has a total value −28µb + 137µb = 109µb, which
brings Eq.(7) into qualitative agreement with the recent analyses of Ref.[5].
Using SU(3) flavor symmetry, we may also estimate the corrections to the indi-
vidual proton and neutron GDH sum rules. The magnetic moment contribution to
the left hand side of the proton sum rule is 205µb. Using the result given in Eq.(4)
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we have Sp = 89µb, which increases the total to 294µb. The integral over the proton
cross-sections is estimated to be 260µb[5]. For neutrons, the magnetic moment con-
tribution is 233µb, while Sn = −48µb. The left-hand-side therefore equals 185µb,
which is to be compared with the estimate of 190µb for the integral Given the un-
certainties involved in these comparisons, the modified GDH sum rules appear to be
reasonably well-satisfied.
The above results involve real photons, with Q2 = 0. What happens when Q2 > 0,
as in deep inelastic electron and muon scatterings? Recent analyses of the EMC[3]
data suggest that the integrals over the moments of the polarized spin structure
function, which are in effect the cross-sections appearing in GDH sum rules for virtual
photons, must change sign as Q2 → 0 if the original GDH sum rules without extension
modifications are to be satisfied[2]. An exception had been the isovector-isoscalar
integral, which is constrained to equal −G(3)A /6 for large Q2 by the Bjorken sum
rule[21]. This sum rule joins onto the isovector-isoscalar GDH sum rule, as Q2 → 0,
and without the modification S in Eq.(7), one would have expected the integral to
remain negative. No sign change appeared necessary for this integral. In actual fact,
however, Eq.(7) and recent analyses[5] of available data at Q2 = 0 both suggest that
there is a sign change in this case as well.
Why do these sign-flips occur? From our present perspective, such sign-flips rep-
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resent the cross-over from short-distance physics, where perturbative QCD works, to
large-distance non-perturbative physics. In perturbative QCD, the extension terms
should vanish. We therefore do not expect any modifications of sum rules such as
the Bjorken sum rule, which are valid for large values of Q2. For smaller values of
Q2, however, we can approximate large-distance physics through contributions of low-
lying resonances, and try to saturate the spectral sum rules with these states[14]. The
success of the consequent predictions suggest that the b operator only has significant
couplings to low-lying state, giving rise to finite values for the extension terms, and
corrections to the GDH sum rules. As noted above, the relevant integrals change sign
as a result.
The verification of any sum rule is an evolving process, since all comparisons must
necessarily include cut-offs for the various integrals. Data from experiments planned
at CEBAF, which will probe intermediate values of Q2, can only shed more light on
the physics behind the issues presented in this Letter.
This work was supported in part by the U.S. Department of Energy Grants DE-
FG05-92ER40709, DE-FG05-88ER40454, and DE-FG02-91ER40685.
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